Memory effects of gravitational waves from astronomical events or a primordial universe might have the information of new physics. It is intriguing to observe that the memory effect exists in electrodynamics as a net momentum kick, while the memory effect in gravity appears as a net relative displacement. In particular, Winicour has shown that the B-mode memory, which characterizes parity-odd global distribution of memory, does not exist. We study the memory effect in axion electrodynamics and find that the B-mode memory effect can exist, provided the existence of coherently oscillating axion background field. Moreover, we examine the detectability of the axion dark matter using this effect.
I. INTRODUCTION
Recently, gravitational memory effect [1] has been intensively discussed in conjunction with fundamental aspects of gravity [2] [3] [4] [5] and observations [6] [7] [8] . The memory effect is relevant to many issues such as the information problem of black holes [9] , Bondi-Metzner-Sachs (BMS) translation [10] , cosmology [11, 12] and others [13] . Moreover, the memory of the scalar gravitational waves of the scalar-tensor theory was discussed in [14] .
Interstingly, there exists an electromagnetic counter part of the memory effects [15, 16] . In particular, Winicour studied the global aspect of memory effect, that is, the E-mode and B-mode memory effects, in conventional electrodynamics [15] . He found that the B-mode memory can not be realized by physically realistic sources. Furthermore, Mädler and Winicour extended their analysis to the E-mode and B-mode memory effects of gravitational waves [2] .
As the electromagnetic waves have been used to probe the Universe, it is reasonable to inquire if we can utilize electromagnetic memory to investigate the cosmological issues. In this paper, we focus on the dark matter problem. As is well known, the axion that is coherently oscillating on the halo scales is one of the candidates for the dark matter. Here, therefore, we assume the axion dark matter dominates the dark matter component. The point is that the axion modifies the conventional electrodynamics and hence affects the electromagnetic memory effect. Moreover, since the presence of the axion violates the parity symmetry, it is interesting to see if the axion dark matter can induce the B-mode electromagnetic memory or not. Therefore, by extending the work in Ref. [15] , we study the global aspects of memory effect in axion electrodynamics. We show that the axion dark matter indeed leads to the parity-violating electromagnetic memory, namely, the B-mode memory.
The organization of this paper is as follows. In Sec. II, we shortly review the axion electrodynamics. In Sec. III, we give the settings and equations of motion of axion electrodynamics in a null retarded coordinate system. In Sec. IV, we show the nontrivial B-mode memory induced by the axion field. We also discuss its detectability. The final section is devoted to the conclusion.
II. AXION ELECTRODYNAMICS
In this section, we define axion electrodynamics, which is the electrodynamics with an axion coupled to the electromagnetic fields. It is well known that the axion is a strong candidate for the dark matter. The axion has been well studied because it solves θ problem in QCD [17] . Moreover, it is widely recognized that axions are ubiquitous in string theory [18, 19] .
The action for 4-dimensional axion electrodynamics is given by
where λ is a coupling constant, J µ is a charge current, U(Φ) is a potential function for an axion field Φ, and A µ is a gauge field with the field strength defined by F µν = ∂ µ A ν − ∂ ν A µ . Note that the field strength satisfies the identity ∂ [µ F µν] = 0 . The dual of the field strengthF µν is defined bỹ
The variation of the action with respect to the gauge field gives equations of motion for the gauge field,
Here, we introduced a charge current satisfying the conservation law,
The equation of motion for the axion is given by
For simplicity, we consider the potential
where m is the mass of the axion. We will focus on the homogeneous oscillating solution for the axion because the massive radiation mode of scalar field decays at null infinity [20, 21] .
III. BASIC EQUATIONS IN RETARDED NULL COORDINATE SYSTEM
In this section, we derive basic equations for analyzing the memory effect in axion electrodynamics. We employ the perturbation method with a coupling constant as a small parameter. We also decompose the gauge potential into parity-even and -odd parts.
It is convenient to use the retarded coordinate system for describing the memory effect in Ref. [15] . By using the spherical coordinate, (t, r, θ , φ ), the retarded time u is defined by
So, the metric in the retarded coordinate system is given by
where q AB is the metric of a two-dimensional sphere. The derivatives in both coordinate systems are
The right-hand side is the derivative in the Cartesian coordinate system, and n i is a unit radial vector defined by
We use the gauge freedom to set
So, we have the formulas for the field strength as
These relations are useful in evaluating r-dependence of physical fields. Note that the gauge potential of angular direction, A B , can be represented by
where the colon denotes a covariant derivative and ε BC is the Levi-Cività tensor on a two-dimensional sphere. The variables α and β correspond to the E-mode and B-mode radiations, respectively. Now, we investigate the memory effect in axion electrodynamics. Since the equations of motion are nonlinear, we have to resort to the perturbation method with a coupling constant λ as the parameter. Then, we can expand the gauge field as
Similar expansion applies to the axion field.
If we give the source of electrical field of a charged point particle, the electromagnetic field and the axion field at the lowest order can be separately solved. In the retarded null coordinate system, the equation of motion for the axion field (5) is
Thus, the oscillating solution for the axion is given by
where D and ρ are arbitrary constants. For simplicity, we set the phase ρ to be zero.
Now, the equations of motion at the lowest order read 
The above equations are the same as those in Ref. [15] . The difference appears at the next-order equations as follows: . (24) Here, we set the four-dimensional Levi-Civatà tensor as
and rewrite components as follows:
We see the background fields act as the sources of the first-order fields. In fact, the axion mediates the the conversion from the E-mode memory to the B-mode memory. In the next section, we will give a simple example for the B-mode radiation memory, which is generated by the axion.
IV. MEMORY EFFECT IN AXION ELECTRODYNAMICS
We are now in a position to discuss memory effect in axion electrodynamics. First, we derive the E-mode memory effect induced by a charged particle. Second, we show the B-mode memory effect appears due to the axion coupling.
A. E-mode Memory Effect
At null infinity, the angular component of electric field, E B = F Bu , can survive as the O(1) quantity in the asymptotic limit r → ∞ [15, 16] . Hence, the memory effect can be defined by
On the right-hand side, the first term gives the E-mode radiation memory, and the second term gives the B-mode radiation memory. These components can be extracted by taking the divergence or curl of two-dimensional metric. Indeed, we obtain the formula for the E-mode memory,
and that for the B-mode memory,
So, we must evaluate these quantities by using the equations of motion for fields. In this section, we will give the memory effect in axion electrodynamics with the perturbation method.
We consider a charged particle with a current, J t ≡ ρ(t, x) = qδ (3) (r − r(t)) and (30)
is a three-dimensional delta function. This source gives the LienardWiechert potential in Lorentz gauge in pure Maxwell theory. If the charged particle is accelerated, it generates the electromagnetic radiation. Generally, the radiation part can survive at infinity r → ∞.
For simplicity, we assume that the particle moves to +z direction and the velocity of this particle is smaller than the light of velocity. Then, the angular components of the electric field in the null coordinate system are given by
and
Here, a(u) represents an acceleration of the charged particle.
Given the solution induced by a charged particle, we can easily calculate the correction to the memory represented by the perturbed gauge field A
(1)
µ . First of all, since the source has no rotation part of the current, the parity-odd part in the background vanishes,
Thus, there is no correction for the parity-even part at the first order through Eqs. (21), (22) and (23),
However, there exist corrections to the parity-odd part. Notice that the equation of motion at r → ∞ is given by
Here, we neglected the second term on the left-hand side and the first term on the right-hand side of (24) . Hence, the parity-even background electric field generates the correction to the parity-odd memory. We now derive the perturbed expression for the memory effect by the burst of a charged particle which is rest for t < 0 and moves along z-axis with the constant velocity V normalized by the velocity of light c for t ≥ 0 . The velocity is represented by
where we used the Heaviside step function
A derivative of the Heaviside function gives the delta function
Thus, the parity-even part of the electric field at the lowest order is given by
We plotted this in Fig.1 . This solution is consistent with that in [15] . Using this background electric field, we can deduce the perturbed B-mode electric field as λ ε AB E
(1) Integration with respect to the null time coordinate u gives rise to the time evolution of the B-mode electromagnetic memory, that is,
qV Dλ
Here, we set r dependence to zero. So, we find that there exists the nontrivial and dynamical B-mode electromagnetic memory in axion electrodynamics. In Fig.2 , we plotted the time evolution of the B-mode memory. Since axion is oscillating, the B-mode memory also appears oscillating. Here, r is the distance from the thunder in Cartesian coordinates. Note that the information of r, q, and V can be extracted from the observation of the E-mode memory. Thus, the amplitude of the Bmode memory tells us the information of the axion coupling constant and the mass of the axion, while the oscillation frequency tells us the mass of the axion. For example, the axion on the halo scales is coherently oscillating with the period of oscillation, a few years × 10 −21 eV m .
Thus, we can resolve the degeneracy of the model parameters. Although this effect is quite small for the QCD axion with mass around 10 −6 eV, we may be able to detect the B-mode electromagnetic memory for the ultralight axion. If the axion mass is 10 −21 eV, the oscillation period is a few years, while the period becomes a few seconds for m = 10 −14 eV. These are also in a detectable range.
Hence, it would be worth designing the axion detectors using the effect we found.
We should point out that the magnitude of the B-mode electromagnetic memory is limited by the stringent constraint on the coupling constant. However, as for the Chern-Simons gravity, we do not have such a strong constraint. Therefore, it is worth studying the axion-induced memory in the Chern-Simons gravity coupled with the axion.
V. CONCLUSION
We studied the memory effect in axion electrodynamics. We have assumed the coherently oscillating axion dark matter exists in the halo of our galaxy. We employed the perturbation method with a coupling constant as an expansion parameter. We explicitly demonstrated that there can be the B-mode memory in axion electrodynamics. The parity violation was essential for obtaining the B-mode memory. We have also estimated the magnitude of the B-mode electromagnetic memory to see the detectability. Although the amplitude is quite small, it is not impossible to detect the axion dark matter through the effect we have found in this work.
We can extend our analysis to axion Chern-Simons gravity. Since the theory allows us to have the parity violation, there should be the B-mode gravitational wave memory. If the dark matter is an axion, an oscillating axion is ubiquitous in the Universe. By observing these B-mode gravitational waves, we can obtain the information of the axion dark matter. Moreover, the amplitude of oscillation may carry the information of dark energy [22] [23] [24] . Thus, the observation of the B-mode gravitational memory would open a new window for exploring the Universe. We leave this issue for future work.
